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Abstract—the proposed model is the study on developing an‘inventory model for deteriorated
item when demand is time- sensitive and inventory levelsdependent. Deteriorated items can
usually be found in items such as vegetables, fruit, milk, ¢hemical product, pharmaceutical and it
needs special attention in managing this kind of inventory. We model the inventory control for
these items by a mathematicalymodellinvolving time- and inventory-dependent demand and
considering the backorder polteyiin handling shortages. The developed model aims to find the
optimal tinde betweengeplenishment and when inventory drops to zero, which minimises the total
inventory cost, The total inventory cost consists of the purchase cost, the order cost, the holding
costpand the shortage cost. Sensitivity analysis is performed to analyse the effect of changing the
parameters’values to the time between replenishment, when inventory drops to zero, the order
quantity, and the total inventory cost. The finding shows that changing the parameters’ values of
deterioration rate, demand, unit holding cost, unit holding cost and unit shortage cost will have an
impact on the time between replenishment, time when inventory drops to zero, order quantity, and

inventory cost.
48


mailto:somnath.banerjee584@gmail.com

49



Index Terms—deteriorated items, time- and inventory-dependent demand, time between

replenishment, order quantity.

I INTRODUCTION:

A RETAILER’S inventory becomes a critical asset that needs to be appropriately managed.
Good inventory management requires knowledge of internal and external factorsithat affect
inventory availability. Fulfilling the customers’ demands is an important‘@xternal factor for
retailer which is related to a so-called service level. Demand as an‘externaliactor has been
mathematically modelled in different forms in many papets over the last decades. The
mathematical models that have been developed4@areitrying to\find the optimal order quantity
or time between replenishment that minimisesithe total inventory cost. Many papers have
used to model demands as tim€@dependent, pricesdependent, inventory-dependent or
combination between them (see for some‘recent papers in [1], [2], [3], [4], [5], [6]). Other
papers, for instance [7] amd [8]"“modelled demand as stochactic and fluctuating. When
demands are modelled“asmagpecombination of time-dependent, price-dependent, inventory-
dependent of'a combination with other factors, the approach in modelling uses an ordinary
differéntial ‘equation to/describe the inventory dynamics at each D. Lesmono, T. Limansyah,
and I. A. Sandy are with the Universitas Katolik Parahyangan, Bandung, 40141 Indonesia e-
mail: jdharma@unpar.ac.id Manuscript received July 18, 2023; accepted September 14,
2023. time. However, other approaches do exist, such as game theory (see [9]), and semi-
Markov (see [7]). Another factor that the inventory manager must consider is the product
itself which may deteriorate with time, such as fruit, vegetable, milk, meat, pharmaceutical

products. Managing deteriorated items needs special attention compared to regular items with
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no deterioration, since the order quantity, the time between replenishment and other decision
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variables are affected by this deterioration feature in the model. In this paper, we develop an
inventory model for deteriorating items where demands are assumed to be time- and
inventorydependent and shortages are handled with backorder policy. There are not many
papers that use a combination of timeand inventory-dependent demand in their models, see
for instance [10] and [6]. However, the use of time- and inventory depeddent demand is
suitable for deteriorated or perishable goods when the price is not so sensitive.'As mentioned
by [11] and [6], that demand for physical goods is time-depenident andythe availability of
perishable goods on shelves in the supermarket and the shelf life affect the demand. Most of
the papers use a combination of price- and inventory-depedent,demand or time- and price-
dependent demand, or even time-, price- and inventoryadependent demand (see [5], [12],
[13], [14], [15], [16], [17], [18], [19]). Deterioration is‘also becoming one important factor
that needs to be carefully considered'by the inventory manager. In general, deteriorating
inventory models are characterized by the lifetime of the products and demand (see [20]).
There are also many papers ‘deal withideteriorating inventory models combined with other
factors for the last fewadecades (see [1], [2], [3], [4], [5], [7], [8], [10], [18], [19], [21]). A
comprehefisive reviewnof deteriorating inventory models can be found in [23] and [20]. The
modelwe develeped ifi this paper is a modification of the model developed in [22] by adding
timewhen inventory drops to zero as one of decision variables. A numerical example is
provided to give an illustration and a better understanding of the researchers’ model.
Sensitivity analysis is also performed to analyse the effect of changing one parameter’s value
on the decision variables: the time between replenishment and when inventory drops to zero.

Moreover, it effects order quantity and total inventory cost as well. In the next section, we
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introduce the model’s construction along with the optimality condition. Numerical example
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and sensitivity analysis are given in the subsequent section. Finally, the conclusion and

further research directions are provided in the last section.

II.

A:

THE MODEL:

Notations

The notations we use in this paper are as follows:
TC : total inventory cost

PC : purchasing cost

oC : ordering cost
HC : holding cost
SC : shortage cost

T

t

D(t) = a+bl(t) :
ependent demand factor
nomous demand

inventory level at time t

number of inventory at interval [0, t]

M : number of shortage at interval [t1,T]
P : unit purchasing cost

A : ordering cost per order

h : unit holding cost per year
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unit shortage/backorder cost
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0 : constant deteriorating rate

Q : order quantity

B. Model Development:

The dynamic of the inventory is represented in Figure 1. At the beginning, there are Q—M

inventory available for the consumers. The inventory later depletes due to ime- and
inventory-dependent demand and deterioration. At t = t;, no inventory 1

arrives after t; will be fully back ordered, until it reaches its maximum

\

Irventory
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o-M

—~— 1 !
3 - » Timw

0 o
v S Y

Fig. 1: Inventory dynamics

In developing our e basic assumption used is timeand inventory-dependent demand as

given by llowing equation. In the equation, the demand is depending not only on time t, but

also on the current inventory I(t), during period of 0 <t <t; and then constant after t = t;.

a+bl(t),0 < t < tla, (1)
D(t) = {tl ,<t=<T.
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The number of inventories in the interval [0,T] will decrease due to demand and deterioration

that can be described mathematically using the following first order differential equation:

—0I(t) — (a + bI(1)),0 =
dI(t)/ dt = {—q,

t
<T 2)

- IA

t
=<

-t
—

When t = ti, there is no inventory on hand, thus ones have I(t;) = 0. Therefore, w

solution for I(t), when 0 <t <t as follows.

I(t) = (—atae®+bX tl_t)) /(8 +b)

In the interval t; <t <T, ones have dI(t)/ dt=—a

t

I(t) = [ —adx =—a(t—t1).

4

Then, for t € [0, T], the dynamics{of the inven can be described as

I(t) = , ((—a+ ae@+) e

Q-a(T —t;) =—at+ae®»t' / (0 +b). 5)

The inventory number during [0, ti] can be calculated as follows.
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t

a= foll(t)dt

= (a/ (0 +b)) fotl(e(6+b)( tl—t) ~ Ddt

=(a/(0 +b)2) (e®mt' —1)—(a /(0 +b) )t1.

(6)

58



The number of shortages during [t;, T] is given by

T
K= ftla(t —t )dt=(1/2)a (T2 +t4 2)_at1 T %)

C. Mathematical Formulation of the Model:

In the model we developed, the objective is to find the opti i replenishment and
the optimal time when inventory drops to zero that minimize ory cost. The total
inventory cost (TC) consists of the purchasing cos dering cost (OC), the annual

holding cost (HC), and the backorder/shortage cost

The purchasing cost is calcu on purchase price P times the Q order quantity

divided by the time be i nt T.

PC=PQ/T " /0 +b) +a(T —t) }. (8)

The ordering cost is obtained by multiplying the ordering cost per order and the frequency of

ordering, which is given by 1/T. Therefore, the ordering cost is given by

OC=A/T. ©
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The unit holding cost times the inventory number during [0, ti], divided by T to compose the

holding cost.

HC =(W/T)a=(h/T)((a/(® +b)2) (e®d -1)-(a/(®6 +b)) t1) (10)

The shortage cost is calculated from the unit shortage cost times the number of shortages'during

[t1,T], divided by T,

SC=(n/T)K=n/T(((1/2)a (T2 +t:2) — at;T)) > (11)
Adding up those costs, ones have the total inventory llo
TC= (P/T) {(-a+ae®»t /(B +b)) +a(T —t1)) A/

+(h/T) (@ /(0 +b)2) (@i — 1)~ (a /(@ b)) t1 )

+ (@ T)(1/2)a(T? +t; (12)
The decision variables i ormulation of the total cost above are T and t;. The necessary
and t; that minimize the total cost are
=0
O t12
P(C___ )-at 1)+A+ (ma )
OTC/ oT=—(1/T2) { 0+b 2 }t(ma)/2=0

+h((a/(0 +b)2)(e®nt' —1)— (a/(0 +b)t;))
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(13)
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—a+aew 1 tl_

P(C— ) —at 1)+A+ (ma )—
0 +b

T2 = (2/(ma)) { 2 } (14)

+h((a/(0 +b)2)(e®» ' —1)— (a/(0 +b)t;))

OTC /at; = (P/ T) (ae®+o' —a) + ((maty) /T )—ma
+(W/T)(a/(® +b))e®d' — a/(® +b) )=0 : 5)

din e ions below should also be

The sufficient condition for minimum TC r

satisfied.

The optimal time between replenishment i.e., T and the optimal time when inventory drops to

zero i.e., t; that minimize the total inventory cost are T = 0.2878 and t; = 0.0099, with the

order quantity Q = 58 and the total inventory cost TC = 2,405,558. Therefore, from this
63



numerical experiment, optimal time between replenishment is 0.2878 year (around 3.45

months) and the time when inventory drops to zero is 0.0099 year (around 0.12 months). This
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is due to higher holding cost (h) compared to backorder cost (w) that makes t; a lot shorter

that T.

We also perform a sensitivity analysis to analyse the effect of changing one of the

aforementioned parameters’ values on the time between replenishment, optimal time when

increased or decreased from +5%, +£10% and £20%, while other pa

fixed from the above numerical example. Results are presented in

From Table I, we can conclude the following.

1. When 0 increases, inventory depletes fa

r (

and deterioration) making t;

and time between replenishment shorter. Consequentlypthe total inventory cost increases,

although there is no significant effe the order quantity.

2. As the autonomous dema s, inventory reaches zero in a shorter time and the

er quantity is relatively small compared to the autonomous demand, a.

3. When the ordering cost A is higher, the order quantity increases, making t; and time
between replenishment longer. However, higher ordering cost, in this case, making the

total inventory cost lower. The company will order more, and with the specific
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parameters’ values, making the total inventory cost slightly lower.
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4. When holding cost per unit per year, h, increases, theoretically, the order quantity

decreases, making t; and time between replenishment shorter. From the managerial point

of view, the company avoids storing goods and prefer to apply the backorder policy.

The increase of the shortage cost per unit will ma length of T\— t; shorter as the

company tries to avoid shortages and prefer indicated by the longer t;.
The time between replenishment tends to the t; a bit longer, but still

making T —t; shorter.

From the results presented ble I, we will now analyze the effect of changing multiple

parameters that has inter n e on the decision variables. In particular, the effect
of changing entory-dependent demand factor b and deterioration rate

0, tog . T, t1, Q and TC is analyzed. Based on the results presented in
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TABLE I: Effect on changing parameter’s values of 0, a, b, A, h an T, t1, Q

and TC,

Parameter  Percentage T n Q TC

-20% 02883 00108 58 2.405.549

-10% 02880 00103 58 2405554

-5% 02880 00101 58  2.405.556

e 0 02878  0,0099 58 2405558
5% 02877 00097 58 2405560

10% 02876 00095 58 2405562
20% 02874  0,0091 57 2.405.566

-10% 03034 00104 55 2.165.273

-5% 02953 00101 56 2285417
a 0 02878 00099 58 2405558
5% 02809 00096 59 2525695
10% 02744 00094 60 2.645.829
20% 02627 00090 63  2.886.089

-20% 02883 00108 58 2405549
-10% 02880 00103 58 2405554

-5% 02879 00101 58 2405556
b 0 02878 00099 58 2405558
5% 02877 00097 58 2405560

10% 02876 00095 58 2.405.562
20% 02874 00091 57 2405566
20% 0.2574 0,0088 51 2404971
-10% 02730 00094 55 2405273

-5% 02805 00096 56 2405417
A 0 02878 00099 58 2405558
5% 02949 00101 59 2.405.695
10% 03018 00103 60 2405829
20% 03153 00108 63 2.406.089

-20% 02879 00102 58 2405555
-10% 02879 00100 58 2405557

5% 02878 00099 58 2405557
h 0 02878 00099 58 2405558

- 5% 02878 00098 58 2405559
10% 02877 00097 58 2405559

20% 02877 00096 58 2405561
-20% 03207 00089 64 2404988
-10% 03028 00094 61 2405282

-5% 02950 00096 59 2405422
T 0 02878 00099 58 2405558
5% 02811 00101 56 2405690
10% 02749 00103 55 2405819
20% 02636 00108 53 2.406.068
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6.

IV.

For specific values of b, as the deterioration factor 0 is getting larger, the time between
replenishment and the time the inventory drops to zero become shorter. This fact is due to
the increase of deteriorated items as 0 gets larger. Consequently, the order quantity is

slightly less and the total inventory cost increasing, although it is not quit

On the other hand, when deterioration rate is kept at certain value and
dependent demand factor gets larger, T and t; are also getting sh.

increasing demand as b gets larger. The order quantity becomes the total cost

increases slightly.

Larger values of b and 0 also make T and t; be he order quantity slightly

lower and the total inventory cost slightly incr s. | is situation the inventory drops to zero
faster and with some specific par@ameters’ values; the total inventory cost becomes slightly

higher.

TABLEIL:  E ofba onT, tl, Q and TC

5.0 0.1 03 0.5
T 0,878 0.2855 0.2846
1 0.0099 0,0053 0.0036
o ol 58 57 57
TC 2405558  2.405.603  2.405.620
T 02855 0.2846 0,2842
- n 0,0053 0,0036 0,0028
o 03 57 57 57
TC 2405603 2.405.620  2.405.628
T 0.2846 0.2842 0.2839
1 0.0036 0,0028 0,0022
o 05 57 57 57
TC 2405620  2.405.628  2.405.634

CONCLUSION AND FURTHER RESEARCH:
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A mathematical model for deteriorated item with time- and inventory-dependent demand and
backorder has been developed in this paper. Numerical example and sensitivity analysis were
performed to give illustration for better understanding of the model. We found that the time
between replenishment and when inventory drops to zero are affected by demand,

deterioration rate, unit holding cost, unit order cost, and unit shortage cost. equently, the

order quantity and the total inventory cost are also affected, althou, re not
quite significant for some parameters. Despite the model w nd some
findings there are still limitations in our model. We on i one purchase
price and constant deterioration rate. Some insights for fi re still available to
be researched such as considering discount sche pplier either all-unit discount
or incremental discount, developing model forimulti- and considering non constant

deterioration rate, e.g. Weibull deterio rate.
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